In this paper, an n-dimensional polytope is called Wythoffian if it is derived by the Wythoff construction from an n-dimensional regular polytope whose finite reflection group belongs to A n , B n , C n , F 4 , G 2 , H 3 , H 4 or I 2 (p). Based on combinatorial and topological arguments, we give a matrix-form recursive algorithm that calculates the number of k-faces (k = 0, 1, . . . , n) of all the Wythoffian-n-polytopes using Schläfli-Wythoff symbols. The correctness of the algorithm is reconfirmed by the method of exhaustion using a computer.
Introduction
High-dimensional polytopes have been studied mainly by the following methodologies:
(1) Combinatorics and Topology, (2) Graph Theory, (3) Group Theory and (4) Metric Geometry. See [1] , [2] , [8] , [9] , [10] , [11] , [14] , [15] , [18] , [19] for some background researches on tilings, lattices and polytopes. Coxeter [4] , [5] , [6] described polytopes in terms of the Coxeter groups. The finite and infinite discrete groups of reflections systematically explain polytopes and honeycombs (tessellations), respectively, giving one of the most elegant theoretical backgrounds to the subject. It is noteworthy that he used the term "Wythoff construction" for some construction of uniform polytopes obtained by using abundant symmetry of regular polytopes.
The subject of our study is to find the efficient methods to obtain the following properties, especially fundamental quantities of Wythoffian polytopes obtained by Wythoff construction: ( a ) Global numbers and shapes of k-faces, ( b ) local numbers and shapes of k-faces sharing a vertex, and shun-toyoshima@sdcj. co.jp ( c ) volumes and surface areas.
Our purpose has been completed and already implemented as computer programs. We will introduce a new methodology to study volumes, surface areas, number of k-faces sharing a vertex, etc. of Wythoffian-n-polytopes constructed from regular polytopes in the forthcoming papers. In this paper, as a first step, we develop a recursive algorithm that computes the f -vector ( f 0 , f 1 , . . . , f n ), where f k (k = 0, 1, . . . , n) is the number of k-faces of a Wythoffian-n-polytope. On f -vectors, so far it is not known except for some of the components f 0 , f 1 , f n−1 and f n [12] , [16] , [17] , Our algorithm is elementary but powerful in that f -vectors of all of the Wythoffian-n-polytopes can be recursively computed using matrix multiplications. For example, among all of the 98 Wythoffian-n-polytopes, f -vectors of the 6-polytope with the Schläfli-Wythoff symbol {3, 3, 3, 3, 4}(0, 1, 0, 1, 1, 0) are obtained as 23040, 32160, 19680, 5276, 476, 1) globally, and 8, 22 , 29, 20, 7, 1) around each vertex, by matrix multiplications without requiring any knowledge of group theory.
The algorithm given in this paper is based on the classical combinatorics, but has given new results and insights on the subject, including new classes of polytopes with tessellability and some other interesting properties. High-dimensional discrete geometry has many applications in the real world. For example, spherepacking problems in the 8-dimensional and the 24-dimensional Euclidean spaces play an important role in information theory. The authors are expecting that this program gives somewhat polytope-version of this success. 
Regular Polytopes and Schläfli Symbols
A Platonic solid is defined to be a convex polyhedron which is regular in the sense that the faces are congruent regular polygons and the number of faces meeting at each vertex is uniform. There exist 5 Platonic solids. Extending the concept to higher dimensions, call a convex polytope regular if facets are congruent regular polytopes and every vertex figure is uniform. In the 4-dimensional Euclidean space, there exists 6 types of regular polytopes. In the n-dimensional (n ≥ 5) space, however, there exist only 3 types of regular polytopes; namely, the regular simplex, the cross-polytope and the hypercube. They are labeled α n , β n , and γ n , respectively, by Coxeter, H.S.M. [7] .
The numbers of k-faces (k = 0, 1, . . . , n − 1) of α n , β n , and γ n are Along with the convention that the number of n-faces of an n-polytope is 1, we have the f -vectors of α n , β n , and γ n .
It is well-known [7] that an n-dimensional regular polytope can be described by a unique Schläfli symbol {p 1 , p 2 , . . . , p n−1 }, consisting of n−1 components of natural numbers each of which is 3, 4, or 5 if n ≤ 4 and each of which is 3 or 4 if n ≥ 5. For example, we have α 3 = {3, 3}, β 4 = {3, 3, 4}, γ 5 = {4, 3, 3, 3}.
The polytope {p 1 , p 2 , . . . , p n−1 } is defined recursively to be the polytope consisting of p n−1 facets p 1 , p 2 , . . . , p n−2 meeting at each (n − 3)-dimensional faces. Note that the dual of
A regular polytope A is divided into fundamental simplices, each of which is given as the convex hull Conv (P 0 , P 1 , . . . , P n ) where P 0 = a 0 is a vertex of A, P 1 is the center of an edge a 1 of A including a 0 , P 2 is the center of a face a 2 of A including a 1 , . . . , and P n is the center of A (Fig. 1) . Note that the distances P k P n are ordered as P n−1 P n < P n−2 P n < · · · < P 0 P n . In the case of the regular simplex α n , we have (n + 1)! fundamental simplices. In the cases of the hypercube and the cross-polytope which are duals of each other, we have 2 n n! fundamental simplices ( Fig. 2) .
Notice that the shifting operation is important. Let us take a regular polytope P which is expressed as {p 1 , p 2 , . . . , p n−1 } by the Schläfli symbol. The vertex figure and the facet of P are expressed as {p 2 , p 3 , . . . , p n−1 } and {p 1 , p 2 , . . . , p n−2 }, respectively. For the 4-dimensional polytopes, the following inclusion property holds; {3} ⊂ {3, 3} ⊂ {3, 3, 4} ⊃ {3, 4} ⊃ {4}, which is called double flag architecture.
Wythoffian Polytopes and Wythoff Symbols
The term of semi-regular polytope is often used for some alternative classes of polytopes with the most abundant symmetry after regular polytopes. To avoid confusion, in this paper, we would only consider Wythoffian-n-polytopes.
Different from the Schläfli symbol, there is no definitive notation for approaching to Wythoffian polytopes. For the sake of computer programs, we introduce the notation for Wythoffian polytopes based on Ref. [12] . Note that the notation we use in this paper is slightly different from the Coxeter's original one. For example, the Wythoffian-4-polytope {3, 3, 3}(1, 0, 0, 1) is denoted by eα 4 in Coxeter [5] . However, {3, 3, 3}(1, 0, 0, 1) corresponds naturally to the Coxeter-Dynkin diagram in the following table.
An n-dimensional polytope is called Wythoffian if it is derived by the Wythoff construction from an n-dimensional regular polytope. Given a regular polytope A = {p 1 , p 2 , . . . , p n−1 } and given a Wythoff symbol (q 0 , q 1 , . . . , q n−1 ) ∈ {0, 1} n \ {0} n , the Wythoffian-n-polytope A(q 0 , q 1 , . . . , q n−1 ) is defined as follows: Choose an arbitrary initial point P on the interior of the face Conv{P i | q i = 1} of the surface facet Conv{P 0 , P 1 , . . . , P n−1 } of c 2017 Information Processing Society of Japan a fundamental simplex Conv{P 0 , P 1 , . . . , P n } of A. For the sake of notation, the interior of a point is defined to be the point itself. The orbit of P with respect to the symmetry group of the underlying regular polytope A (See Fig. 2) gives the vertices of
is naturally determined as the convex hull of this vertex set. Thus a pair {p 1 , p 2 , . . . , p n−1 }(q 0 , q 1 , . . . , q n−1 ) of a Schläfli symbol and a Wythoff symbol, abbreviated as a Schläfli-Wythoff symbol, determines a Wythoffian polytope. This construction of a Wythoffian-n-polytope from a regular polytope is called a Wythoff construction [3] , [13] . Note that any Wythoffian-n-polytope is circumscribed by a sphere. Figure 3 gives an example of Wythoff construction for {3, 4}(1, 1, 1). Given a fundamental simplex Conv(P 0 , P 1 , P 2 , P 3 ) of the original octahedron {3, 4}, A = P 0 , B = P 1 , C = P 2 and the Wythoff symbol (1, 1, 1) corresponds to the fact that the vertex P for the simplex is in the interior of the triangle P 0 P 1 P 2 . The whole vertex set is simply obtained by collecting corresponding point from each fundamental simplex. The points Q, R, and S in Fig. 3 are obtained as mirror images of P with respect to the depicted planes.
Note that a fundamental simplex in the Wythoff construction for the dual {4, 3} of the original can be constructed as Conv(P 2 , P 1 , P 0 ), preserving the triangular diagram on a facet of the original and inverting labels P 0 , P 1 , P 2 to P 2 , P 1 , P 0 .
How Many Wythoffian Polytopes Are
There?
There are 11 kinds of Wythoffian polyhedra, excluding the snub cube and the snub dodecahedron from the standard list of 13 kinds of semi-regular polyhedra [7] .
In this section, we generalize this result to describe the total number of distinct Wythoffian-n-polytopes. We should count the total number of Wythoffian polytopes from all of the regular polytopes. In the case that n = 3, 4, some Wythoffian polytopes have more than one original and are multiply counted. In the case that n ≥ 5, the total number is counted by adding the number of Wythoffian polytopes from self-dual regular polytope α n and the number from non-self-dual regular polytopes β n and γ n , adjusted by the duplications. In this case, contrast to the case that n = 3, 4, there are no Wythoffian polytopes with more than one original. See Section 9 for the details.
Summing up the above discussion, we have the following theorem:
Theorem 4.2 For n > 3, the numbers of Wythoffian-npolytopes are counted as in the following table:
Here, a = 2 n − 1, b = 2 n−1 + 2 n−1 2 − 1 and c = duplication of a and b.
Direct Product Architecture of Wythoffian Polytopes
Wythoffian polytopes constructed from β 3 = {3, 4} have the following direct product architecture (Fig. 4) :
We define ( ) = { }(0) to be a point and { }(1) to be a line segment for the sake of convenience. The Wythoffian polyhedron {3, 4}(1, 1, 0) has a square {4}(1, 0) at the vertices, a line segment { }(0) × { }(1) at the edges, and a regular hexagon {3}(1, 1) at its faces.
Note that five Wythoffian polytopes {3, 4}(1, 0, 0), {3, 4}(1, 1, 0), {3, 4}(0, 1, 0), {3, 4}(0, 1, 1), and {3, 4}(0, 0, 1) are made by vertex-truncating β 3 around each vertex, whereas {3, 4}(1, 0, 1) and {3, 4}(1, 1, 1) are made by vertex-edgetruncating β 3 around each vertex and edge.
In general, consider a regular polytope A = {p 1 , p 2 , . . . , p n−1 } and a Wythoffian-n-polytope B = A(q 0 , q 1 , . . . , q n−1 ).
For the k-th vertex P k (k = 0, 1, . . . , n − 1) of each fundamental simplex Conv{P 0 , P 1 , . . . , P n } of A, we have a (possibly degenerated) facet of B which is combinatorially {p k+2 , p k+3 , . . . , 
Sequential Truncation Architecture of Wythoffian-n-polytopes
The numbers of faces depend on the above-mentioned arbitrary initial point P (Fig. 3) and the truncation as its sequelae. Given a regular-n-polytope A, the k-truncation (k = 0, 1, . . . , n−2) at the depth 0 ≤ d ≤ 1 is the function that corresponds each Wythoffian-n-polytope A(q 0 , q 1 , . . . , q n−1 ) to the intersection of A(q 0 , q 1 , . . . , q n−1 ) with the half-spaces {x ∈ R n | ( (q 0 , q 1 , . . . , q n−1 ). Wythoffian polytopes have the sequential truncation architecture which is a Turing machine interpretation of the Wythoff symbol, analogous to DNA. The starting code (TAG) and the stopping code (TAA, TAG, TGA) in DNA correspond to the first 1 and the last 1 in the Wythoff symbol, respectively. A Code (e.g., AAA) between them in DNA has information (e.g., add Lysine) and so does the Wythoff symbol between the first and the last 1's.
The index of the first 1 in the Wythoff symbol (q 0 , q 1 , . . . , q n−1 ) is called the truncation initiator and is denoted by i(q). The index of the last 1 in the Wythoff symbol (q 0 , q 1 , . . . , q n−1 ) is called the truncation terminator and is denoted by t(q). Every index k greater than the initiator i(q) and less than the terminator t(q) is called the truncation informer.
Now the Wythoffian polytope B can be obtained by successively truncating A as follows:
(1) 0-truncation (vertex truncation) The first truncation is always a 0-truncation. Since the hyperplane of truncation is perpendicular to P 0 P n and passes through P on the interior of the face Conv {P i | q i = 1}, the depth of truncation is deeper (if i(q) t(q)) or just passing through (if i(q) = t(q)) the vertex P i(q) and is shallower than P i(q)+1 , where i(q) is the truncation initiator.
(2) k-truncations for each truncation informer k For each truncation informer k, the depth of the k-truncation passing through P is deeper than (the hyperplane perpendicular to P k P n passing through) the vertex P k and is shallower than P k+1 . 
Combinatorial Counting Methods for kface Numbers of Wythoffian-n-polytopes
The concept of truncation gives not only a way to visualize Wythoffian-n-polytopes but also a way to count the number of its k-faces. By counting 1 facet for each fundamental simplex of Abased on the sequential truncation architecture, we obtain the list of all the (possibly degenerated) facets of B.
Consider a Wythoffian-n-polytope B with a Schläfli-Wythoff symbol {p 1 , p 2 , . . . , p n−1 }(q 0 , q 2 , . . . , q n−1 ) and choose a flag a = (a 0 , a 1 , . . . , a n ) where a i has a Schläfli-Wythoff symbol {p n+1−i , p n−i+1 , . . . , p n−1 }(q n−i , q n−i , . . . , q n−1 ) and a 0 ⊂ a 1 ⊂ · · · ⊂ a n .
For vertex-truncations deeper than P 1 , facets obtained by truncations intersect each other with overlaps (the deeper we truncate, the more they overlap). In order to count the number of k-faces on the intersection of neighboring truncations correctly (i.e., without duplicates nor leaks), we use the inclusion-exclusion principle. Then, we have i(q) + 1 terms
is the index of the first 1 in the Wythoff symbol. Note that our counting methods use flags of a Wythoffian-n-polytope but no reverse flags. Reverse flags play an important role in calculating volumes.
For vertex-truncated types, we simply add the number f k (A) of k-faces of the original regular polytope, which correspond to k-faces remaining after truncation, to the i(q) + 1 terms
For vertex-others-truncated types, we should consider additional k-faces made by truncations. Thus we add k − i(q) terms k i=i(q)+1 f i (A) f k−1 (a n−1−i ) for the k-faces by original faces and direct products to the i(q) + 1 terms
The face-vector of the direct product α 2 × α 3 can be calculated using f (α 2 ) = (3, 3, 1, 0, 0) and f (α 3 ) = (4, 6, 4, 1, 0) as follows:
Now, an arbitrary initial point P (Fig. 3) does not a matter for counting the numbers of faces. In the next section, we describe a simple algorithm to count k-faces by working on Schläfli-Wythoff symbols.
A Matrix-form Recursive Algorithm for the k-face Numbers of Wythoffian Polytopes
In this section, we introduce a matrix-form algorithm which makes it possible to calculate the k-face numbers of Wythoffian polytopes using Schläfli-Wythoff symbols without considering specific shapes of the faces.
We calculate the n + 1-dimensional row-vector f (B) = f (a n ) by induction on f (a i ) (i = 0, 1, . . . , n − 1).
We construct an n+1-by-n+1 matrixf (a n ) ≡ (f (a n ),f (a 1 ), . . . , f (a n−1 ),f (a n )), wheref (a i ) is given bȳ
Note thatf (a n ) = t (0, 0, . . . , 1) always holds and thus it does not matter that we do not have f (a n ) in this step of induction. We also define an n + Now f (a n ) can be written as the matrix productf (a n ) ×ḡ and we reach the value of f (B), concluding the induction step. 
